CHARACTER THEORY FOR SEMISIMPLE HOPE 

ALGEBRAS 

SEBASTIAN BURCIU 

Abstract. We study the induction and restriction functor from 
a Hopf subalgebra of a semisimple Hopf algebra. The image of 
the induction functor is described when the Hopf subalgebra is 
normal. In this situation, at the level of characters this image 
is isomorphic to the image of the restriction functor. A criterion 
for subcoalgebras to be invariant under the adjoint action is given 
generalizing Masuoka's result for normal Hopf algebras. 



Introduction 

The representation and character theory of semisimple Hopf algebras 
over an algebraically closed field of characteristic has been developed 
in the last thirty years. Many results analogous to the classical theory 
of finite groups were obtained. One of the most important results was 
Zhu's proof that the character ring of a semisimple Hopf algebra is a 
semisimple ring ^13]. The character theory for coalgebras started in 
[5] and then continued in [11], [12], as well as in other papers. An 
important updated reference on results on character theory and its 
applications in classification of finite Hopf algebras can be found in 

m- 

In this paper we study the induction and restriction functor from a 
Hopf subalgebra of a semisimple Hopf algebra. Important results are 
obtained when the Hopf subalgebra is normal. In this situation, at 
the level of characters, the images of the induction map and restriction 
map are isomorphic as algebras. Recently was proven that a Hopf 
subalgebra is normal if and only if it is a depth two subalgebra [3]. 
One proof of this result uses the character theory for normal Hopf 
subalgebras developed in [2]. This paper continues the study began in 

Our approach uses the commuting pair described in [H]. We show 
that the Fourier transform of a semisimple Hopf algebra if is a mor- 
phism of i5(-?/)-modules. As in [13] an important role is played by 
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the module obtained by inducting the trivial module from H to the 
Drinfeld double D{H). 

The paper is organized as follows. In the first section we recall basic 
results about semisimple Hopf algebras and its character ring. 

In Section [2] we study co- normal ideals of a semisimple Hopf algebra 
H. We show that a two sided ideal of a semisimple Hopf algebra H is 
co-normal if and only if its character as left module is central in H*. 
This follows by duality from a description of all subcoalgebras of H 
that are invariant under the adjoint action. More precisely, we prove 
that a subcoalgebra of H is invariant under the adjoint action of H if 
and only if its character as left (or right) if-comodule is central in H. 
This generalizes a well known result of Masuoka stating that a Hopf 
subalgebra of H is normal if and only if its integral is central in H [8\. 
The proof uses the Drinfeld double D{H) and the commuting pair of 
modules from [H]. 

In the third section we prove few results about the induction functor 
from a semisimple Hopf subalgebra K of H to H. This functor induces 
a map at the level of character rings ind : C [K) —>■ C (H) . Its image is 
an ideal inside C{H). We also have an algebra map res : C{H) C{K) 
induced by the restriction functor. In the last section we consider the 
situation when K is a normal Hopf subalgebra of H. We prove that 
the images of the restriction and induction maps are isomorphic as 
algebras. Another description of this image is given at the end of this 
section. 

We work over an algebraically closed field k of characteristic zero. 
For a vector space by \V\ is denoted the dimension of V. All the 
modules are supposed to be left modules. The comultiplication, counit 
and antipode of a Hopf algebra are denoted by A, e and S, respectively. 
We use Sweedler's notation A(x) = ® ^2 for all x E H. All the 
other notations for Hopf algebras are those used in [9] 



1. Preliminaries 

1.1. Theory of characters. Throughout this paper H will be a fi- 
nite dimensional semisimple Hopf algebra over the algebraically closed 
field k. Then H is also cosemisimple and 5^ = Id (see [B]). We use 
the notation Ah G H for the idempotent integral of H ( e{AH) = 1) 
and tn € H* for the idempotent integral of H* (^//(l) = !)• Denote 
by Itt{H) the set of irreducible characters of H and let C{H) be the 
character ring of H. Then C{H) is a semisimple subalgebra of H* [13] 
and C{H) = Cocom(iJ*), the space of cocommutative elements of H*. 
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By duality, the character ring of H* is a semisimple subalgebra of H 
and under this identification it follows that C{H*) = Cocom(if). 

If M is an iJ-module with character x then M* is also an if-module 
with character x* = X° S. This induces an involution " * " : C (H) 
C{H) on C{H). 

If \ii{H) is the set of irreducible if-modules then from |9j it follows 
that the regular character of H is given by the formula 

(1-1) 1^1^.= E ^(1)^- 

Xelrr(H) 

The dual formula is 
(1.2) \H\K= E 

One also has t^(A^) = [6J. There is an associative nondegenerate 
bilinear form on C{H) given by 

(X, /^) = X^(A//). 

It follows that (x, /^) = i^niXi /^*) where is the multiplicity form 
on C{H). For two modules M and N oi H one has m^{xM, Xn) = 
dimfcHomj/(M, A^). The pairs {x}xeirr(H) and {x*}x&rr(H) form dual 
bases with respect to ( , ). 

A Hopf subalgebra of H is called normal if ^ hixSh2 G K for all 
h ^ H and x & K. 

1.2. Properties of the function JF. Let if be a finite dimensional 
semisimple Hopf algebra. Then H* is a left and right ii-module via 
(a ^ f){h) = f{ba) and (/ ^ a) (6) = /(a6). Similarly H is an ff* left 
and right if-module via f ^ a = ^ f{0'2)0'i and a ^ f = ^ /(oi)o2- 
Let T . H ^ H* be the map given by J-'{a) = a ^ tn for all a G H. 
It is well known that is bijective [9]. The inverse of JF is given by 

T~\f) = \H\Sf^A,. 

Proposition 1.3. Let K be a Hopf subalgebra of H. Then 

(1.4) H* = J^{K)®K^. 

Proof, let z : ^ if be the canonical inclusion of K in H. Since 
i* : H* ii'* is a surjective Hopf map one has i*{tjj) = t^^. On 
the other hand the map i* is just restriction to K. It follows that 
t^. Suppose that / G J^{K) fl K^. Then f = a ^ tn for 
some a E K. Then = /(x) = tn^ax) = txiax) for all x & K. 
Nondegeneracy of tx ll| imphes a = 0. □ 
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The map T sends the center Z{H) of H into the character ring C{H) 
oiH [S]. 

Proposition 1.5. Let K he a Hopf subalgebra of H. Then the following 
diagram 

H H* 



K K*. 

is commutative where i is the canonical inclusion. 

Proof. As before i*{t^) = where i* is just restriction map from H 
to K. Uae K then 

i*{J^H{i{a)) = i*{ci tn) = a ^ tx = J^xicb) 

□ 

2. The commuting pair of modules 

Let if be a finite dimensional semisimple Hopf algebra. For / G H* 
and h E H define f ^ h = /(^{2))^(i) and h f = J2 /(^(i))^(2)- 

The Drinfeld double D{H) of H is defined as follows: D{H) ^ 
jj*cop (gi as coalgebras. The multiplication on D{H) is given by: 

{g®h){f®l)=Y, 9{hi ^ / ^ S-'h^) ® M. 

Its antipode is given by S{f <^ h) = S{h)S^^{f ). If H is finite dimen- 
sional semisimple over k then D{H) is also semisimple and cosemisim- 
pie i. 

Consider the induced module from H to D{H) given by Aq = D{H)®h 
k. Then Aq = H* where the action is given by a.f{x) = f(J2 S^^a2xai) 
and g.f = gf for all a, x e H and f,g& A". [3] 

The module Aq can also be realized on H as following: x.a = 
J2^i(^S{x2) and f.x = x ^ S~^f = f{S^^Xi)x2- 

It was proven by Zhu [H] that 



EndDiH){Ao) = C{HyP 

and the isomorphism is given by x '-^ Rx where is right multiplica- 
tion by X on H*. Therefore the map 

is a ring isomorphism. Also the map 

is a ring isomorphism. 
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Let Ei,E2,--- , Es he the set of central primitive idempotents of 
C{H). From the above facts it follows that the homogeneous D[H)- 
components of H* are given by H*Ei for all 1 < i < s. 

2.1. The map JF. Let Itt{H*) be the set of irreducible characters 
of H*. For any d G Irr(if*) let ^ H* the primitive idempotent 
corresponding to d. It can be checked that J^{d) = ^^d* where d* = 

S{d) (see also [9] for the dual version.) It is also known that JF sends 
the algebra C{H*) to the center Z{H*) of H*. 

Proposition 2.1. The map T is an isomorphism of D{H) -modules. 

Proof. It has to be verified that J-'{a.h) = a.J^{h) and J-'{f.h) = f.J^{h) 
for all a,h & H and / e H*. One has that J-'{a.h) = J-'{^ aihS{a2)) = 
^01/15(02) ^ tn- Thus T{a.h){l) = tHC^aihS{a2)l) for / G H. On 
the other hand {a.T{h){l) = jF(/i)(^ 5*02/01) = '^tH{Sa2laih). Since 
\H\tH is the regular character of H it follows that tu^xy) = tniyx) for 
all x,y E H. Thus J-'{a.h) = a.T{h). 

For the other equality one has J-'{f.h){l) = ^ f{Shi){J^{h2){l)) = 
J2fiShi)tH{lh2). On the other hand {fj^{h)){l) = J2 f{h)Hh){l2) = 
= Yli fQ'i)^H{.hh). In order to prove that J^{f.h) = f.J^{h) we will 
prove that ShitH{lh2) = Yl^^^Hifih) for all l,h G H. Indeed 
Ehtnikh) = Ehh2tH{l2h3)S{h,) = ^tH{lh2)S{hi). We have used 
that tn is an integral and therefore X] '^i^J^l'^a) = ^_H"(a)l for all a G 
H. □ 

For a coalgebra C let Irr(C) be the set of irreducible if*-characters 
contained in C. Then d„ = e(d)d is the character of C as left 



Indeed it is enough to verify this equality for a simple subcoalgebra 
C with character d. This follows since C = d ^ H* and T is an 
isomorphism of D{H) -modules. 

2.2. Co-normal ideals. A vector subspace I of H is called co-normal 



for all f G /. (usually / will be an ideal.) 

Let / be an ideal of H and n : H ^ H/I the canonical projection. 
Then {H/I)* is a subcoalgebra of H* via vr*. 



(or right) /7-comodule. 



Remark 2.2. Let C he a subcoalgebra of H . Then 

^(C) = ®delrr{C)H*^d- 



if 
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Proposition 2.3. Let I be an ideal of H . Then I is a co-normal ideal 
if and only if the subcoalgebra {H/I)* is invariant under the adjoint 
action H* on itself. 

Proof. Note that {H/I)* = inside H*. {H/I)* is invariant under 
the adjoint action of H* if and only if ^ figS{f2) G /"^ for all f e H* 
and g e I^. This is equivalent to {Y, figS{f2)){x) = for all / G H*, 
g e I-^ and x e I. But {J2 h9S{f2)){x) = f{Y,xiS{x3)g{x2)) which 
implies that J2^i^{^3)9{^2) = for all g & I^ and x E I. This is 
equivalent to ^ xiS{x3) ® X2 E H ® I . □ 

The following lemma will be used in the proof of next theorem. 

Lemma 2.4. Let A be a finite dimensional semisimple algebra over 
an algebraically closed field of characteristic zero. Let x E A be an 
idempotent of A and e G Z{A) be a central idempotent of A. Then 

1 ) Ax is a two sided ideal of A if and only if x is central. 

2) Ax = Ae if and only if x = e. 

Remark 2.5. Let A be a finite dimensional semisimple algebra over k 
and M be an A-module. A submodule of M will be called full isotopic 
submodule of M if and only if it is a sum of homogeneous components 
of M. It follows that N is a full isotopic submodule of M if and only 
if it is fixed by any A-endomorphism of M. 

Theorem 2.6. A subcoalgebra C of H is invariant under the adjoint 
action if and only if its character is central in H . 

Proof. Suppose that C is a subcoalgebra of H invariant under the ad- 
joint action. Then C is a D (if )-sub module of H. The above de- 
scription of the endomorphism ring of H shows that C is invariant 
under any Z}(if)-endomorphism of H . Thus C is a full isotopic sub- 
module of H. Since is an isomorphism of D(if)-modules it fol- 
lows that J-'{C) is also a full isotopic submodule of H*. Therefore 
jr(C) = ®i^xH*Ei = H*{J2i^x ^i) some set X. On the other hand 
by Remark 12.21 one has J^{C) = H*{Y^^^ ^d)- The previous lemma 
implies that V = J^-^y Ei. It follows that V g C{H) 

and therefore V e{d)d* = J-'~^{y, Cd) is central in H. But 
then d„ = S'fV e(d)d*) is also central in H. 

Conversely suppose that the character d^ = X^^gj ^{d)d is central 
in H. It follows that T{d^) G C{H). But T{dl) = E,gi„(c) 



a central element in H* and therefore a central character in C{H). 
This implies that X^^gj (c) ^'^* ~ Xligx-^*- Remark 12.21 implies that 
J^{C) = Y^i&x H*Ei. Thus T{C) is a D(ii)-submodule of H* . Since T 
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is an isomorphism of D(i7)-modules this imphes that also C is a D{H)- 
submodule of H . Thus C is invariant under the adjoint action. □ 

Corollary 2.7. A two sided ideal I of H is co-normal if and only if 
its character as left (or right) H -module is central in H*. 

Proof. By Proposition [23] {H/ /)* is a normal subcoalgebra of H*. The- 
orem [52] implies the conclusion by duality. □ 

3. General results 

Let be a Hopf subalgebra of H. Then the restriction functor from 
H to K defines an algebra map at the level of characters ring 

resf : C{H) C{K). 

Similarly, the induction functor from K to H induces a linear map 

indf : C{K) C{H). 

For an irreducible character a G Irr(i^') let /„ be the central idem- 
potent corresponding to a. Similarly if x G Irr(if) then is the 
corresponding central idempotent in H. Consider the commutative al- 
gebra Z{H) n K a,s a, subalgebra of Z{H) and Z{K). Then there are 
partition of characters Irr(if) = |Ji=i -^i ^^'^ Irr(i^') = |Ji=i such 
that a basis of primitive idempotents for the above algebra is given by 

Proposition 3.1. With the above notations 
Proof. By formula 11.11 it follows that 

X&t:t:{H) 

This implies that J-'nie^) = j^X- Similarly J-'xif^) = The 
first statement follows from the commutativity of the diagram from 
Proposition 11.51 Indeed, 
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For the second equality note that 

since both terms are the regular characters of H. Frobenius reciprocity 
applied to the first equality of this Proposition implies the second equal- 
ity. □ 

3.1. Image of Induction. The following result is Proposition 2 of [Ij. 
It shows that the image of the induction map is a two sided ideal in 
CiH). 

Lemma 3.2. Let K be a Hopf algebra of a semisimple Hopf algebra. 
Let M be an H module and V a K -module. Then 



M®VTf = {M if ®V) Tf 

and 

y Tf ®M= (V®Mif) tf 

Let ex the character of the trivial i^'-module. Let e |^ be the char- 
acter corresponding to the trivial i^-module induced to H. 



Proposition 3.3. Let K be a Hopf subalgebra of a semisimple Hopf 
algebra H . Then: 

1) e Tf C{H) C Im(ind«) 

2) T{K) n C{H) C Im(indg). 

Proof. Put V = k., the trivial i^'-module, in the second formula of the 
above lemma. In terms of the characters this becomes Tf = X if Tf 
for all X e C{H). This implies that e jf C{H) C Im(indg). 

Using the above notations, since T{K) nC{H) = J^{K nZ{H)) and 
is bijective it follows that J^{mi) form a basis on C{H) fl J-'{K). 
Proposition 13. II shows that T{mi) are induced modules. □ 

4. Normal Hopf subalgebras 

4.L Restriction to normal Hopf subalgebras. Let if be a semisim- 
ple Hopf algebra over the algebraically closed field k and let be a 
normal Hopf subalgebra of H. Define an equivalence relation on the 
set Irr(if) by x ~ if and only m^(x if, /i if) > 0. This is the 
equivalence relation from [2] where L = H/ / K. It is proven that 
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X ~ yU if and only if = (see Theorem 4.3 of |2j). Thus the re- 
striction of X and fi to K either have the same irreducible constituents 
or they don't have common constituents at all. 

The above equivalence relation determines an equivalence relation on 
the set of irreducible characters of K. Two irreducible i^-characters a 
and P are equivalent if and only if they are constituents of x for 
some irreducible character x of H. Let Ci,- ■ - Cs' be the equivalence 
classes of the equivalence relation defined on Itt{H). Let "Di, ■ • -Vg' 
be the corresponding equivalence classes of the equivalence relation 
defined on Irr(i^). 

For each I < i < s' put = J2aev Q^(1)q^ ^ C{K) and = 

The formulae from subsection 4.1 of [2| can be written as: 



(4.1) 



for all X ^ 
and 



X i K 



x(i) 

aid) 



-OLi 



for all a G Pj. 

Remark 4.3. Combining the above two formulae it can easily be seen 

m 

\K\ 



that a T^if Tf = ^« for all a G Itt{K). 



Proposition 4.4. Let K be a normal Hopf subalgebra of a semisimple 
Hopf algebra H . With the above notations one has 

1) s = s' , 

2) {Ci,-- - = Ml,-- - 

5;{Pi,---,pj = {i3i,---,s,}. 



Proof. Let 



for all 1 < 2 < s' . First we will show that Pi = Ylx&c- fo^ 1 < ^ < s'. 

Since both terms of the previous equality are idempotents it is enough 
to verify that any irreducible character of H takes the same value on 
both terms. Formula 14.11 shows that x{J2aeVi fo^) = if X ^ 
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the other hand, if x ^ Ci then 

and the equahty is proved. 

Thus each element pi = '^^ev fa belongs to Z{H) fl K. Since 
these elements are idempotent each of them is a sum of some of the 
primitive idempotents nij of Z{H) fl K. But Proposition 13.11 shows 
that if a e i3j and (3 G Bj with i ^ j then a {3. Thus each element 
Pi coincide with one of the primitive idempotents irij defined above. 

Since Yll=i Pi = Yll=i ^Iso follows that any rrij coincide with one 
of the idempotents Pi. This fact implies all three equalities. □ 

Proposition 4.5. If K is a normal Hopf subalgebra of a semisimple 
Hopf algebra H then t ]^ C{H) = Im(ind}^) = J^{K) n C{H) 

Proof By Proposition O it follows that G J^{K) n C{H) for all 
1 < i < s. Since 

ai(l) 

for a G Cj this shows that that Im(ind^) C J^{K) fl C{H). Then the 
second item of Proposition 13.31 implies Im(indK) = J^{K) fl C{H). 
On the other hand using Lemma 13.21 and Remark 14.31 one has 

(« Tf )e Tf = (« T^if ) Tf = ^« tf 

which shows that Im(indj|) C e t/^- C{H). The first item of Proposition 
implies Im(indg) = e Tf C(if). 

□ 

Proposition 4.6. Lei K be a normal Hopf subalgebra of H . Then 
J^{K) and are full isotopic submodules of H* and the decomposition 

H* = J^{K) © K^. 

of Proposition [Ol is a decomposition of D{H) -modules. 

Proof. It can be checked directly that is a submodule of H realized 
as before. Since EndD{H){H) = C{H) and K is stabilized by any 
endomorphism of H it follows that is a full isotopic submodule H. 
It also can be checked that K-^ is stabilized by any endomorphism of 
H*. □ 
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4.1.1. General Lemma. 

Lemma 4.7. Suppose A is a finite dimensional semisimple algebra 
and M is a finite dimensional A-module. Moreover suppose that M = 
Ml © M2 where Mi and M2 are full isotopic submodules of M. Then 
the following are true: 

(1) 

End a{M) ^ EndA(Mi) © End^(M2) 
as k-algebras 

(2) 

End^(Mi) = {F e EndA(M) | ^(Ms) = 0} 
Proposition 4.8. Let K be a normal Hopf subalgebra of H . Then: 
(1) 

EndD^H){K) = {x e C{H) I 5^aix(5a2) eK for all a e H } 
(2) 

EndniH){K^) = {x e C{H) \J2^iX{S{x2)) = for all x e K } 

Proof. 1) The above Lemma for the decomposition of Proposition 14.61 
imphes that 

EndDiH){K) = {xe C{H) \K^Rsi^) = } 

Since (/S'(x))(a) = /(Xl «iX(5'(a2))) it follows that /(X] ^^(^(as))) = 
for all / e K^. Thus E aix{S{a2)) G K^^ = K 

2) From the above Lemma it also follows that Eiid£)(^H){K-^) = {x G 
C{H) \S{x) ^ K = 0} which is exactly the set mentioned above. □ 

Define 

(4.9) C}j{K) = {x G C{H) I ^aix(5(a2)) eK for all a G if } 
and 

(4.10) Cjj{K) = {xe C{H) I xix{S{x2)) = for all xeK }. 
Then the above lemma implies that 

as fc-algebras. 

Remark 4.11. Note that Cl{K) = C{H) n = ker(res^). Indeed, 
if X ^ Ch{K) then it follows x{Sx) = for all x E K. The other 
inclusion is immediate. 
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Recall the definition of C,d as the central primitive idempotent of H* 
corresponding to the irreducible character d G irr(if*). 

Lemma 4.12. Let K be a normal Hopf subalgebra of a semisimple 
Hopf algebra H. Then 

(4.13) ^T2=}§ E 

Proof. Since Ak is a central element of H it follows that 

for some subset A C Irr(if). Applying JF to this equality one gets that: 



On the other hand Proposition 13.11 implies that 



The same Proposition implies that all the other characters of H 
that are not contained in A do not contain ex when restricted to K. 
Frobenius reciprocity then gives 

Xelrr{H) XG^ 

Thus e = \H\J^{Ak). 

On the other hand, since A^^ = J2deirr(K*) ^{d)d 
and = |^ one can write 

' ' d€lrr{K*) ' ' delrr(ii'*) 

Thus 



dGlrr(_ft'*) 



□ 



Since H is cosemisimple it is the sum of its simple subcoalgebras. 
These subcoalgebras are in bijective correspondence with the irreducible 
if*-characters [5j. Since k is algebraically closed, if c? G Irr(iJ*) then 



SEMISIMPLE HOPF ALGEBRAS 



13 



its associated subcoalgebra Cd is a matrix coalgebra. This means that 
Cd has a k- basis {xfj}i<ij<q such that 

(4.14) A(4) = ^xf,®4 

1=1 

and e{xij) = 6ij for all I < i,j < q- Moreover e{d) = q and the 
irreducible character d is given hj d = X]i=i^fr Therefore one can 
write 

H = (Bdelrr{H*)Cd 

which shows that xfj form a /c-basis for H. Clearly Ity{K*) C Irr(if*) 
and 

H = ®deiTT{K*)Cd- 

On the other hand, by its definition it follows that id{xfj) = Sd, d'^i, j 
for all rf,c/' e Irr(if). 

Remark 4.15. Note that the condition x ^ C}j{K) is equivalent to 
x{xfj) = for all d G Itt{H*) \ Irr(i^'*). This can be seen from formula 

Theorem 4.16. Let K be a normal Hopf subalgebra of H and ind^ : 

C{K) C{H) be the map induced by the induction functor. Then 

Cl,(ir)=im(indf). 

Proof. Formula 14. 131 together with 14. 141 show that e |^ x ^ C}j{K) for 
all X ^ Indeed for a basis element a = the identity from 

the definition 14.91 of C}j{K) is verified since the element J2 '^iX{S {a2)) 
is zero if ci ^ Irr(_ft'*). Obviously ^aix{S{a2)) e K if d e Itt{K*). 
Proposition US] implies im(indf ) = e tx C{H) C C}j{K). On the 
other hand it will be checked that if x ^ C\j{K) then xe tx= j^X 
which shows the other inclusion. The equality xe j^X is verified 
by evaluating both terms on the basis elements xf^ of H . If d ^ Itt{K*) 
then both evaluations are zero by Remark 14.151 On the other hand if 
If G Irr(i^*) then the evaluations are equal from the definition of C,d 
and the formula for e given in Lemma [4. 131 □ 

Corollary 4.17. Let K be a normal Hopf subalgebra of a finite dimen- 
sional semisimple Hopf algebra H . Then im(ind^) and im(res^) are 
isomorphic as k-algebras. 

Proof. Since C'jj{K) = ker(res^) it follows that the image of the restric- 
tion map is isomorphic to C{H)/C'jj{K) = C\j{K) as /c-algebras. □ 
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Theorem 4.18. Let K be a normal Hopf suhalgehra of a finite di- 
mensional Hopf algebra H . The image of the restriction map res^ is 
isomorphic as k-algebras with the suhalgehra of C{K) spanned hy 

{/ e K*\f(^aixS{a2)) = e{a)f{x) for all aeA,xe K}. 

Proof. Clearly the image of the restriction lies in the space 

{/ G K*\f{J2aixS{a2)) = e{a)f{x) for aU aeA,xe K}. 

Let f be a linear functional of this space. It follows that w ^ is an 
endomorphism of K as D{H)-module. Indeed for all a & H and x G K 
one has that: 

V (a.x) = aixS{a2) = aiXiS {ai)v{a2X2S (as) = 

— '^^aiXiS{a2)v{x2) — a.{v x) 

It also can be checked that v (f-x) — f.{v ^ x) for all x e X and 
f eH*. Indeed, 

V (f.x) '^f{Sxi)x2 = '^f{Sxi)x2v{xs). 

On the other hand, 

/.(t; ^ a;) = ^ f.v{x2)xi = ^ f{Sxi)x2v{x3). 

Since End d{h}{H) = C{H) and iiT is a a full isotopic D(i7)-submodule 
of H it follows that there is x e C{H) such that v ^ — x ^ on K. 
This implies that v — x Ik- ^ 
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